Let q = p m where p is an odd prime, m 3, k 1 and gcd (k, m)
Introduction
For a cyclic code C with length n over a finite field F p where p is an odd prime, let A i be the number of codewords in C with Hamming weight i. The weight distribution {A 0 , A 1 , . . . , A n } is an important research object in coding theory. If C is irreducible which means that the paritycheck polynomial of C is irreducible in F p [x] , the weight of each codeword can be expressed by Gaussian sums so that the weight distribution of C can be determined if the corresponding Gaussian sums (or their certain combinations) can be calculated explicitly (see [3, 8] and the references therein).
For a reducible cyclic code, the Hamming weight of each codeword can be expressed by more general exponential sums. More exactly speaking, let q = p m , C be the cyclic code over F p with length n = q − 1 and parity-check polynomial 
where f (x) = α 1 x s 1 + α 2 x s 2 + · · · + α l x s l ∈ F p [x] , F * q = F q \ {0}, n = q − 1 and
In this way, the weight distribution of cyclic code C can be derived from the value distribution of the exponential sum
Recently, the weight distribution of linear codes constructed from perfect nonlinear function over F q have been determined. A function ϕ(x) on F q is called perfect nonlinear if for each a ∈ F * q , the function Δ a ϕ :
is a permutation on F q . For all known power perfect nonlinear function ϕ(x) = x s over F q , the exponential sums
has been calculated with variety of techniques in [1, 2, 6, 9] and then the weight distribution of cyclic code over F p with parity-check polynomial h 1 (x)h 2 (x) is determined where h 1 (x) and h 2 (x) are minimal polynomials of π −1 and π −s over F p , respectively.
Let m 3, k 1 and gcd(k, m) = 1. Let h 1 (x), h 2 (x) and h 3 (x) be the minimal polynomials of π −1 , π −2 and π −(p k +1) over F p , respectively. Then deg h i (x) = m for i = 1, 2, 3. Let C 1 and C 2 be the cyclic codes over F p with length n = q − 1 and parity-check polynomial h 2 (x)h 3 (x) and h 1 (x)h 2 (x)h 3 (x), respectively. Then the dimensions of C 1 and C 2 over F p are 2m and 3m, respectively. (If m = 2, then deg h 3 (x) = 1; the dimensions of C 1 and C 2 are 3 and 5, respectively.) In this paper we determine the weight distribution of C 1 and C 2 . For doing this we should determine the value distribution of the multi-sets
and
where
. Here we present a uniform treatment to determine the values T (α, β) and S(α, β, γ ) by using quadratic form theory, and their multiplicities by giving some moment identities on T (α, β) and S(α, β, γ ). We introduce some preliminaries and give auxiliary results in Section 2 and prove our main results in Sections 3 and 4.
Preliminaries
The first machinery to determine the values of exponential sums T (α, β) (α, β ∈ F q ) defined in (2) 
we have the following result (see [5, Exercises 6 .27 and 6.28] for the case r = m).
Lemma 1.
(i) For the quadratic form F = XH X T defined in (4) ,
Proof. (i) From the formula of quadratic Gaussian sum over F p we know that for a ∈ F * p ,
The field F q is a vector space over F p with dimension m. We fix a basis v 1 , . . . , v m of F q over F p . Then each x ∈ F q can be uniquely expressed as
Thus we have the following F p -linear isomorphism:
With this isomorphism, a function f :
Let m and k be co-prime positive integers. In order to determine the values of
we need to determine the rank of H α,β over F p and the solvability of F p -linear equation
Lemma 2.
⇔ the number of common solutions of Tr y
Fix an algebraic closure
with dimension at most 2 since any elements in F q which are linear independent over F p are also linear independent over F p k (see [7, Lemma 4] ). Therefore r α,β is not less than
Suppose that (α, β) ∈ F 2 q \{(0, 0)} and rank H α,β = m − 2 which means that the set V of zeros
Let
We claim that w = 0. In fact, if w = 0, then either α = 0 so that β = 0 and φ 0,β (x) = 2β p k x p k has unique solution x = 0,
2 ) −1 is determined by V up to a factor in F * p . Then β is determined by
Conversely
2 / ∈ F * p and we get from (6) and (7) 
.
Now consider the following map:
For α ∈ F * q , let
The conclusion of Lemma 2(ii) is derived from (5), (8) 
and (9). 2
In order to determine the multiplicity of each value of T (α, β) and S(α, β, γ ) for α, β, γ ∈ F q , we need the following result on moments of T (α, β) and S(α, β, γ ). (ii) We observe that
Lemma 3. For the exponential sum T (α, β) and S(α, β, γ ),
(i) α,β∈F q T (α, β) = p 2m ; (ii) α,β∈F q T (α, β) 2 = (2p m − 1) · p 2m if p ≡ 1 (mod 4), p 2m if p ≡ 3 (mod 4); (iii) if m is even (so that k is odd), then α,β∈F q T (α, β) 3 = p m + p m−1 − 1 · p 2m+1 ; (iv) let N be a subset of F 2 q , then (α,β)∈N γ ∈F q S(α, β, γ ) = q · |N |.
Proof. (i)
If p ≡ 1 (mod 4), there exists t ∈ F * q such that t 2 = −1. Since
2 is odd, we have
Suppose that p ≡ 3 (mod 4). If k is even so that m is odd and q = p m ≡ 3 (mod 4). There is no t ∈ F q such that t 2 = −1. Therefore
If k is odd, then
2 is even and 1 + (−1)
= 2 so that we also have
For each x ∈ F q , let θ = 2x 2 + 1 + 2x
Note that gcd(
2 since k is odd and gcd(k, m) = 1. Therefore
Since p ≡ 1 (mod 4), we have t ∈ F * p such that t 2 = −1. Then τ = ±1 gives x = 0 and y = ±t in S, τ = ±t gives y = 0 and x = ±t in S. For remaining p −5 elements in F * p , τ = ±a and ±a −1 gives four (x, y) in S: x = ± 
and g is a primitive element of F p 2 .
Hence we have T = |R| where
If τ ∈ L and τ = ±g (12) and (13) we obtain
Remark. For case m is odd, α,β∈F q T (α, β) 3 can also be determined, but it is not necessary in this paper.
At the end of this section, we state a well-known fact on Galois group of the cyclotomic field Q(ζ p ) since T (α, β) and S(α, β, γ ) are elements in Q(ζ p ) (see [4] , for example).
Lemma 4. The Galois group of
Q(ζ p ) over Q is {σ a | 1 a p − 1} where the automorphism σ a of Q(ζ p ) is determined by σ a (ζ p ) = ζ a p . The unique quadratic subfield of Q(ζ p ) is Q( √ p * ) where p * = ( −1 p )p and σ a ( √ p * ) = ( a p ) √ p * (1 a p − 1).
Results on exponential sums T (α, β) and cyclic code C
In this section we prove the following results. (i) For case m is odd, Table 1 holds.
(ii) For case m is even, Table 2 holds.
Proof. According to the possible values of T (α, β)
given by Lemma 1, we define that for ε = ±1 and i ∈ {0, 1, 2}
and n ε,i = |N ε,i |. Table 1 Values Table 2 Values Multiplicity
Then from Lemma 2 we have
If m − i is odd, and
2 p i , by Lemma 4 we know that for 1 a p − 1,
(i) For case m is odd, by (14) and (15) we know that
Moreover, from Lemma 3 we have
Thus
From (18) and (19) we get
The value distribution of T (α, β) for m odd is obtained from (16), (17) and (20). 
Results on exponential sums S(α, β, γ ) and cyclic code C 2
In this section we prove the following results. 
= n ε,i,0 −
